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Abstract 

We discuss Euclidean covariant vector random fields as the solution of 
stochastic partial differential equations of the form DA = 77, where D is 
a covariant (w.r.t. a representation r of SO(d)) differential operator with 
"positive mass spectrum" and r\ is a non-Gaussian white noise. We obtain 
explicit formulae for the Fourier transformed truncated Wightman func- 
tions, using the analytic continuation of Schwinger functions discussed by 
Becker, Gielerak and Lugewicz. Based on these formulae we give neces- 
sary and sufficient conditions on the mass spectrum of D which imply 
nontrivial scattering behaviour of relativistic quantum vector fields asso- 
ciated to the given sequence of Wightman functions. We compute the 
scattering amplitudes explicitly and we find that the masses of particles 
in the obtained theory are determined by the mass spectrum of D. 



1 Introduction 

Local and relativistic quantum fields can be obtained via analytic continuation 
from Euclidean random fields. From the 80-ies on, this concept, which proved to 
be useful especially for scalar fields in the space-time dimension d = 2, was ap- 
plied in a number of articles (see e.g. 0] and references therein) to random vector 
fields obtained as solutions of the stochastic partial differential equation (SPDE) 
DA = 77, where D is a complex, quaternionic or octonionic Cauchy-Riemann 
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differential operator and 77 a non Gaussian noise with values in the fields of 
complex numbers, quaternions or octonions, respectively. For the quaternionic 
case (space-time dimension d = 4) we have recently been able to prove that the 
associated quantum gauge fields have non-trivial scattering behaviour 

In the paper jS], the equation DA — 77 was studied systematically in d 
dimensional space-time and spin dimension L (of 77). Let r : SO(d) — > Gl(L) 
be a representation s.t. 77 transforms covariantly under the representation of 
the Euclidean group induced by r, i.e. r(A)?7(A _1 (a; — y)) = rj{x) in probability 
law VA £ SO(d) and y £ R d . Let D be a differential operator covariant w.r.t. 
the representation r, i.e. t(A)D x t(A~ 1 ) — D\ X VA £ SO(d). Furthermore we 
assume that D is translation invariant, i.e. has constant coefficients. In this 
case, for the Fourier transformed Green's function D~ 1 (k) of D the following 
representation was obtained in 

t-\k) = N QE{k) (1) 

with mi £ C,rrij ^ mi for I ^ j and vi £ N. Qe(/c) is an L x i-matrix with 
polynomial entries of order < k = 2(^^ =1 vi — 1) which fulfills the Euclidean 
transformation law T(A)Q E {k)r(A^ 1 ) = Q E (Ak)VA E SO(d). Without loss 
of generality we assume that Qe is prime w.r.t the factors (\k\ 2 — mf), i.e. 
that none of them divides all of the polynomial matrix elements of Qe- If one 
imposes a "positive mass spectrum" condition mi > for I = 1, . . . , N it follows 
immediately that D is invertible on the space of (C L -valued) distributions over 
R d and we can therefore solve the above SPDE by setting A = D^ 1 * rj. 

The Schwinger functions (moments) associated to A can be calculated exlic- 
itly as 

Sn.ai ■••a n ip^X i • ■ • 7 ) — E [^4ai \<£\ ) ' ' ' (»^n)] 

I 



e n a*-** [ftD^ 

/e-p(") {ii,...,j(}e/. Jtt r=i 



Xj r — x) dx (2) 



where is the collection of all partitions of {1, . . . , n} into disjoint subsets 
and C^ 1 '"^' are constants depending on the law of 77. We have also used the 
Einstein convention of summation on repeated upper and lower greek indices 
w.r.t. an arbitrary invariant metric on the spin-space. 

In this paper we study the analytic continuation of the truncated Schwinger 
functions S„ to truncated relativistic Wightman functions W% and the scatter- 
ing behaviour of these Wightman functions. The paper is organized as follows: 
In Section 2 we explicitly compute the Fourier transformed truncated Wight- 
man functions of the model. This will be done combining techniques of pQ and 
. In Section 3 we discuss the scattering behaviour of the truncated Wightman 
functions, showing that it is nontrivial, if and only if vi = 1 for I = 1, . . . , N. In 
this case we derive explicit formulae for the truncated scattering amplitudes. 
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2 Analytic continuaton of the Schwinger func- 
tions 



In this section we obtain a representation of the truncated Schwinger functions 
as Fourier-Laplace transforms, i.e. 



(27T) 



-dn/2 



S n ,ai---a n { x li ■ ■ ■ J x n) — ^{Wn,ai---aJ)i. x i i ■ ■ ■ i x n) — 
~ n 

/ exp(V] -k°x° + iki ■ x t ) W„ ai -a„( k i, ■■■,h) dki ■ ■ ■ dk n (3) 



where W^ ai .,, a is a tempered distribution which fulfils the spectral property, 
i.e. it has support in the cone {(fci, . . . ,k n ) e R dn : qj — Ya=i e = 
1, . . . , n — 1}, and x\ < ... < x° n . Here, stands for the closed backward 
lightcone (that we do not use the forward lightcone for the formulation of the 
spectral condition is a matter of convention on the Fourier transform). Under 
this condition the above integral exists in the sense of tempered distributions. 
If such a representation exists, it follows from the general theory of quantum 
fields that is the analytic continuation of the inverse Fourier transform 
= J-" _1 (Wjf) of W„ from points with purely relativistically real time to 
the Euclidean points of purely imaginary time. Furthermore, it follows from the 
symmetry and Euclidean covariance of the S„ that fulfills the requirements 
of Poincare covariance and locality, see e.g. UJ. 

In order to obtain such a representation, we apply the formula for the ex- 
pansion of an inverse polynomial into partial fractions on the inverse of the 
denominator of Eq. 

1 N *i , 

l =W 22 (4) 

Ylli(\k\ 2 +rn?r> tiU W + m * )j 

with bij G R uniquely determined and b\ Vl ^ 0. Thus, D^ 1 {x) can be repre- 
sented as Qe(— iV) Yli=i YljLi bij(—A + mf)~ : >(x) and 

N vi,...,u n n 

&n,ai— a n = Qe,b( _ «V}ai— a„ ^ ^ JJ h r ,j r S n! ( mil J^,,,,,^^ ,j n ) 

i 1 ,...,i n =lji,...,i„=lr=l 

(5) 

With QE,n(-W ai - an = C^-^Q E (-i^)Z-,0 nai ...a n and 

« n 

Sn,(m h ,j 1 y--(mi n ,j n ){ x l,---, x n)= TT(-A + mf )~ jr (x r - x) dx (6) 

" , I 

In order to obtain a Laplace representation as in Eq. Jjyl for S n ^ mi ji),...,(m lre ,j n ) 
we introduce some notations. Let 8$^^ := 9(±k° > 0)5^ (k 2 — m 2 ) where 
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5^ is the j-th derivative of the one-dimensional delta distribution, 8 is the 
Heaviside function and k 2 = k° 2 — \k\ 2 . Furthermore, let 



QmAK) = Qjif.nttfci, h), {k° n , k n )) = Qs,„((ifcJ, ki), {ik° n , k n )). (7) 
We are now in the position to state the main theorem of this section: 

Theorem 1 Theorem (i) Forn > 3 orn = 2,m h ^ m h letW^ mi ,j 1 ),...,{ rnin , : j n ) 
be defined as 



x II Trbv^^HE*-) (8) 

V = S+1 W» J 8=1 

and /or n = 2, mjj = m; 2 : 

(-D { ( n +j2-i \ (-iyiis^- l \ kl ) 

Cn+j2-i)!\ ^ V ' J ^k^ + miy 

+ fc 2 ) . (9) 

Then W T , . s , is a tempered distribution on R dn which fulfills the 

spectral property and 

S n,{m H ,ji),-,{mi n ,o n ) = ^( W n,(m h ,3i),-,(m, n ,j n ))- ( 10 ) 

fnj Let W^ a a be defined as 



^n, ai -a„ = QM,n{k) ai -.a n Y[ bl r-3r W n,(m h ,ji),...,(m ln ,j n )' 

il,...,i„ = Ul,...,j„ = lr=l 

i/ien S£ ai ... )Q(n = £(W£ OI ... )a J. Furthermore, W£ Q1 ... )an = T 1 (W^ ai ...^J 
fulfills the requirements of temperedness, relativistic covariance w.r.t. the rep- 
resentation f : L',(R, d ) —* G(L), locality, spectral property and cluster property. 
Here f is obtained by analytic continuation of r to a representation of the proper 
complex Lorentz group over C d (which contains SO(d) as a real submanifold) 
and restriction of this representation to the real orthochronous proper Lorentz 
group. 

Proof. The spectral property of W%( mi ^ is a direct consequence 

of the definition Eq. (JSJ, cf. the proof of Proposition 7.8 of pQ. 

In order to prove the Laplace representation formula for S T , - \ , • •, 
we proceed by induction over p — max{j; : I — 1, . . . , n}. The statement for 
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p = 1 is just the statement of Proposition 7.8 in £Q. Note that (— A+m 2 ) ^(x) = 
j^ ;l ^(-A + 'm 2 )- < -J- 1 \x) holds in the sense of tempered distributions. Let 
j ai = ... = j au = p and all other ji < p. For ji < p let j[ = ji and j[ = ji - 1 
otherwhise. We then get by using Eq. @, the induction hypothesis as well as 
continuity properties of the Laplace transform and approximation of derivations 
by differential quotients: 

oT = TT i" 1 ) d oT 

°n,(mi 1 ,ji),...,(mi n ,j n ) H ^ — I s ) dm 2 n >( m h'3i)>— >( m i«>Jn) 

= c(T[ d w T \ 

V ll (j a _ 1) dm 2 n <( m ll'fl)<---'( m ln<j'n) J 

= ^( W ^(m, 1 ,j 1 ),...,(m,„j B ))! 

where we have made use of the explicit formulae (JHJl, © in the last step. The 
above way of deriving the W T V - M / ■,, as distributions w.r.t. some 
mass parameter can also be used to prove the temperedness inductively, since 
we can differentiate terms like 5m and (|fc| 2 + m 2 ) w.r.t. fc° 2 instead of m 2 and 
use the fact that the change of variables k° <-> k° is smooth and polynomially 
bounded for k 2 > mm{m r : r = 1 . . . , N} — e > 0. 

(ii) The Laplace representation of S^ ai ,.. a immediately follows from (JSJ, 
JJjJ and the fact that Qe,„(— iV)C(W) = £(Q.m>(&)W0 for any tempered dis- 
tribution on R d ™ with the spectral property. The rest of the theorem follows 
from PI (for the cluster property, see the proof of Theorem 7.10 of PP) ■ 

By considerations similar to those proving the temperedness of the W% one 
can also show that the sequence of tempered distributions fulfills the sufficient 
Hilbert space structure condition on truncated Wightman functions introduced 
in |2] . Therefore, the sequence of Wightman functions are the vacuum expecta- 
tion values of some quantum field theory in indefinite metric [21 EI - 

3 Criteria for the existence of a scattering limit 
and calculation of the scattering amplitudes 

In this section we replace the two point function W 2 given in Theorem 1 by 
a two point function W' 2 (ki,k 2 ) = Qw^ffci, k 2 ) J2^=i ^s$m 3 (ki)8(ki + fc 2 ), 
/ A s e R which clearly has the same covariance properties as W 2 . The reason 
for this is that in any Wl there occur terms Wl , - w . % with mi, = mi, 

J 2 2,(771^ Ji)(mi 2 ,]2) 11 12 

and these terms lead to "exploding" scattering behaviour, as we shall explain 

j T ~ T 

below. Replacing W 2 by W 2 simply means cancelling these terms in order to 
obtain stable one-particle states. In some special cases this can be motivated as 
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a "renormalization procedure", see @|. We will also drop the ' and write 
for the "new" 2-point functions from now on. 

We now briefly recall some basic notions of axiomatic scattering theory fol- 
lowing [7|. 

For I = l,...,n let <pj tSl (x) = (27r)- dn / 2 f Rd e*<' x <^, Si (k)e^ k ° dk h 
where <pi, Sl is a Schwartz function with values in C L and support in {kf > 
0, \kf — m 2 s | < e} for e small enough that non of these neighbourhoods intersect 



2 

si ' 

T 



for m Sl ^ m s j and w/ iSi = ^|/c ; | 2 + m 

We say that a sequence of truncated Wightman functions W£ has non trivial 
scattering behaviour, if the limits 

lim / Wl ai ... Q Jxi,...,x n )ip^ t '^x 1 )---ip^ s '~ t '*(x r ) 



t — >+oo 



x^r+i^+iC^r+i) • • • • • • dx n ; 

1 in/out, in/out >r 

{if! ■■■(fr Ifr+l ■■■tpn ) = 

I™ / ^ Q1 ...aj^i:---^n)<yr t '*( x i)---^Mr*'*(^) 

t^±ooJ Rdn 

X Vr+ + l,!>r+i( X r+l) ■ ■ ■ ^X''^")^! •■•dx n (12) 

exist and are not identically equal to zero for n > 3. Here * stands for complex 
conjugation. By the following theorem we give necessary and sufficient condi- 
tions, in terms of the mass spectrum of D, for nontrivial scattering behaviour. 

Theorem 2 Theorem (i) The sequence W„ has nontrivial scattering behaviour, 
if and only if vi = 1 for I = 1, . . . , N. If at least one of the vi fulfills i>i > 1, 
then the first limit in Eq. \ 12]) diverges polynomially in t for n > 3. 
(ii) If V\ = ■ ■ ■ ,un = 1, then 

(vZM%) T = (2?rr d A Sl / 8+ (k 1 )5{ki-k a )Q M , 2 (k 1 ,k2)c.,f> 

JR d xR d 

if si = S2 and ((ff^. \'^ X S2 ) T = ® otherwhise. Here, the two ex stand for all 
combinations of in and out. For n > 3, 

N 

(27r) (d(n-2)+4)/ 2i TT 6si i / Q M n (— fci, . . . , -fc r , k r+1 , . . . , fe„) ai ... an 
r n r n 

x n^ 3i ._ i+1 (^) n s+jk^^h- j2 *o ( m ) 

1=1 l=r+l 1=1 l=r+l 

x V>rX*( k l) ■ ■ ■ fits* ' ( k r)<Pr+ts r+1 ( k r+l) ' ' ' <P%s n On) dky ■ ■ ■ dk n 
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and 

(<pi, B1 ■ ■ ■ ^ S >. +Wl ■ ■ • < S „) T = <^, S1 • • • v?fM+hsr +l ■ ■ ■ = o- 

(15) 

Proof. We first consider point (ii). This is a rather straight forward generaliza- 
tion of the Theorems 1 and 2 of |3] and it can be obtained using the techniques 
developed there, see [H] for the details of the proof and further generalizations. 
Note that the condition that Qe(A;) is prime w.r.t the factors (|fc| 2 + m 2 ) im- 
plies that Qm,„ does not vanish identically on the mass-shells and therefore the 
scattering amplitudes are not identically equal to zero. 

It remains to prove point (i). Note that (^jt) = ( = ' = 2p'afrr) on the sup- 
port of 0j, a ,(±fc). Therefore we get st'l^ik) = ^ff) 5 '' -1 ^ and 

(tf-mg,)* = iSr^^faff)''" 1 (k^ mii) on these su PP° rt sets - Usin S Par " 
seval's theorem and integration by parts we get for the right hand side of Eq. 
(9) 

/ ^nV.ii-K.DK+i.iJ-K,!)^ 1 ' • ■ ■ ' k nW{t, h, ■ ■ ■ , K) dki ■ ■ ■ dk n , 
where ip(t,ki, . . . ,k n ) is a sum over functions of the type 

nf± — ?.U!-l e ±<(*f±«!,. 1 )iiWf±fel 
[ 2k?dk? } 6 ' { lh 

1=1 1 1 

where ji takes values from 1 to v\ and the hi are scalar functions obtained by 
contraction of the <pf l s with the tensor-valued polynomial QM,n.a 1 ,...,a n (k) and 
multiplication with factors l/k® and thus having the same support properties 
as the (p^ l 8 . If vi > 1 for some I, such functions can be written as a sum of 

functions of the type t r x]l? =1 e ±i ^ ±u>l -^ t g\*\±ki) with < r < EL^^" 1 )- 
If we consider the unique term with maximal r = J^jLiC 1 '! — 1) > 1 , then, by (ii) 
of this theorem, the corresponding term in the scattering amplitude consists of 
an expression which converges to a constant =/= (provided the Lf>i >Sl are chosen 
adequately) multiplied by a factor t r . Thus, the scattering amplitude in this 
case diverges polynomially as t — > oo. ■ 

Theorem 2 shows that the scattering amplitudes of some of the quantum field 
models diverge polynomially. This is a remarkable fact, since it demonstrates 
that a generalization the standard axiomatic scattering theory (Haag-Ruelle 
theory) for quantum fields in positive metric to the case of quantum fields in 
indefinite metric is possible only under additional conditions (e.g. conditions on 
the infrared singularities of the theory). 
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